Let claw be the graph K 1,3 . A graph G on n ≥ 3 vertices is called o-heavy if each induced claw of G has a pair of end-vertices with degree sum at least n, and called 1-heavy if at least one end-vertex of each induced claw of G has degree at least n/2.
V (G)\S. For a family H of graphs, G is called H-free if G contains no induced subgraph isomorphic to any H ∈ H. In particular, if H = {H}, we use H-free instead of {H}-free.
The graph isomorphic to K 1,3 is called a claw. Its vertex of degree 3 is the center and the other vertices are end-vertices. In this note, we use claw-free instead of K 1,3 -free. A vertex v of a graph G on n vertices is called heavy if d(v) ≥ n/2. Following [2, 3] , we say that an induced copy of claw in G is 1-heavy (2-heavy) if at least one (two) of its endvertices is (are) heavy. The graph G is called 1-heavy (2-heavy) if every induced claw of it is 1-heavy (2-heavy), and called o-heavy if every induced claw of it has two end-vertices with degree sum at least n. Note that every claw-free graph is 2-heavy, every 2-heavy graph is o-heavy, and every o-heavy graph is 1-heavy, but the converse does not hold. We use Z i to denote the graph obtained by attaching a path of length i to one vertex of a triangle.
Generally speaking, there are two types of sufficient conditions with respect to long cycle problems. On the one hand, there are so-called numerical conditions, among which maybe degree conditions are the most important ones. The following degree condition for Hamilton cycles is due to Fan [5] .
On the other hand, there are so-called structural conditions, of which the forbidden subgraph condition is a good example. The following two results belong to this type of condition. [6] ) Let G be a 2-connected graph. If G is
Theorem 2. (Goodman and Hedetniemi
Theorem 3. (Gould and Jacobson [7] ) Let G be a 2-connected graph. If G is {K 1,3 , Z 2 }-free, then G is Hamiltonian.
We also consider the following result due to Shi [11] in Hamiltonian graph theory. Let G be a graph on n ≥ 3 vertices. In the following, we say that a pair of vertices u, v of G with d(u, v) = 2 satisfies Fan's condition if max{d(u), d(v)} ≥ n/2, and satisfies
By restricting Fan's condition and Shi's condition to certain substructures in graphs, Broersma et al. [2] proved the following first result, which generalizes Theorems 1 and 4. Broersma et al. [2] also constructed graphs to show that the condition 2-heavy cannot be replaced by 1-heavy under the same connectedness, and obtained a similar result for 3-connected 1-heavy graphs. In fact, instead of Theorem 9, we prove the following stronger result. Obviously, Theorem 10 also improves both Theorems 7 and 8. We also prove the following result which extends Theorem 6.
Theorem 11. Let G be a 3-connected 1-heavy graph. If every pair of vertices u, v in an
The proofs of Theorems 10 and 11 are postponed to Sec. 2.
Proofs of Theorems 10 and 11
Before the proofs, we give some additional notation and terminology, following [4, 9] .
Following [4] , let H be a path or a cycle with a given orientation. By Next we will introduce a new concept (so called "Ore-cycle" [9] ) given recently. This concept is motivated by [4, Lemma 3] and will be used as a main tool in our note. Let G be a graph on n ≥ 3 vertices and k ≥ 3 be an integer. Following [9] , we use E(G) to denote the set {xy : xy ∈ E(G) or d(x) + d(y) ≥ n, x, y ∈ V (G)}, and call a sequence of
Three useful lemmas will also be presented. In particular, the last lemma may be a well known fact and appeared in many papers (although not presented as a lemma). For a similar proof, we refer the reader to, for example, [9] .
Lemma 1 (Li [8] ). Let G be a 2-connected K 1,4 -o-heavy graph. Then every longest cycle is a heavy cycle.
Lemma 2 (Li, Ryjáček, Wang and Zhang [9] ). Let G be a graph on n vertices and C be an o-cycle of G. Then there exists a cycle ∈ E(G) and uv
Proof of Theorem 10. We prove the theorem by contradiction. Suppose that G satisfies the condition of Theorem 10 and is not Hamiltonian. Let C be a longest cycle of G. Since every o-heavy graph is also K 1,4 -o-heavy, by Lemma 1, C is a heavy cycle. Since G is not
Hamiltonian, G − C = ∅ and every vertex in G − C is light. Let H be a component of G − C. By the connectedness condition, there is a (v 1 , v 2 )-path of length at least 2 with all internal vertices in H, where v 1 , v 2 ∈ V (C). We choose such a path P as short as possible.
We divide the proof into two cases.
Case 1. r ≥ 2, or r = 1 and v 1 v 2 / ∈ E(G).
By Lemma 3 (b)
, we obtain d(v
we obtain v ∈ N C (H), and this implies that z ∈ V (C). Furthermore,
, and in this case, the fact v
Case 2. r = 1 and v 1 v 2 ∈ E(G).
that is nonadjacent to v 1 , and y 2 be the first vertex in
Thus, y 1 , y 2 are well-defined.
By Lemma 3 (f ), d(y 
is an o-cycle longer than C. In each case, we can get an o-cycle longer than C and contains all vertices in C. By Lemma 2, there is a cycle longer than C, contradicting the choice of C.
The proof is complete.
Proof of Theorem 11. We prove the theorem by contradiction. Suppose that G satisfies the condition of Theorem 11 and is not Hamiltonian. We choose C as a longest cycle in G with a given orientation. Since G is not Hamiltonian, G − C = ∅. Obviously, every 1-heavy graph is also K 1,4 -o-heavy, then by Lemma 1, C is a heavy cycle and this implies that every vertex in G − C is light. Let H be a component of G − C. Now we choose and
are light and u 1 is light by the choice of C and Lemma 1. Thus {v 1 , v The proof is complete.
